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RODOR BLADK VIBRATION MODSS QD IFIEQUENCIES

SUMMARY

The prinary objeoct of the research has been the mumerioanl
ovaluntion of certain oxact solutions of the differential equation of
notion of a {lexible rotor blade under the notion of centrifugal force
and inertla, zivinz tho natuwral frequenciecs of free vibration and the
deflection curves or modos of the Aifferent possible types of vibration.

Those muneriocnl results apply to various degrees and ‘Id.nds of blade
taper, and they have been tobulated and plotted.  The taper range is

(Bo) Uniforn mass distribution along the blade
radius

(Do) Iinear (triengular) taper

(A) Elliptical taper

(B) Genoralized elliptical taper

(C) Parebolio taper

‘D) Gemernlized parabolic taper

(E) Blade extension, parnbolic type taper
(') Hyperbolic taper

(B,) can be regarded ss o special case of (B) or (D) anmd (Do) of (D),
vhile (:) is sinply (D) oxtended across the axis of rotation. (') 4s
the liniting onse of (E).

Fron tho results for the mathematical taper forms llsted, the
frequencieas of the various modes for non-iathemntioal teper forms, as
used in acat actusl blades, can be interpolated fairly accurately
acoording to the degree of taper, specifisd by the distance of the
blode oentroid from the axis, in terms of the tip radius. In inter-
polating modes (deflections) some regaxd should also be peid to the
type of teper, ¢ g. vhether ooncave or convex.

Hade root oonditions influence the modes and frequencies.
In general these can be oovered by the loontion of the flapping hinge,
or the equivalent hinge ponition for tudlt-in blade roots. Hinge
loocation is one of the variables included in the caloulations, so
thet ite effect, which ia not very sensitive to teper, can easily de
found.
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For actual blades possessing flemmel rigidity o wll-known
formula for vihration frequency is 0 = (k%w® + kp') where 1 is the
actual resultant frequenay, (k) the flexidle-blade frequency considered
in this repoart, and kp the frequency of the non-rotating dlade vibrating
as & bean. The present work shows that the formila is exact for a
ocertain "standard” distribution of bend rimidity (Ex) along the blade
radius, the bending mode then being identiocal with the oorrespomding
node for a flexible rotating blade having the same mass teper. Even
vhen not exact the formula represents a useful analysis of the frequenay
showing the results of e change in r.p.m, or flexmal rigidity, and
cheolciny more detailed caloulations,

Arising from the present work, although not part of the
original programme and therefore not dealt with in any detail in the
report:

(1) The response of a rotating blade to periodio, sudden
or, as a special case, static loading can be ocaloulated
exactly for any of the tapered blades having the "standard"
stiffness distribution. This provides a method of
stresaing the blade.

(44) Lilternatively, independent exnot sclutions axe
available for the static loeding case, oognate with those
for the vibrating blade.

(114) Applicable not only to the taper forms specifiod
sbove, but also to the wider taper range obtained by
truncating these forms, complets and exact solutions
are availsble for vibrating beams having a wide range
of mans and stiffrness taper.

(iv) Shear deflection effects cen readily be included
in ths caloulations either far the non~rotating beems
or the rotating blades.

(v) Truncated unifare or tapered blades oarrying tip
maspes axe covered by a falrly simple extension of the
sdlution for the intaoct blade.

(n) The differential equation for a rotor blade,
whether statically loaded or vibrating is mathematioally
1dentiocal with that for a so-called box wing consisting
of %o spars and a torsion box. Colutions and results
for suoh wings can therefore be deduced from those given
here.
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LIST OF SYMBOLS

Blade mtation (fraction of tip
radius, R)

Blade deflection

Angular velocity of rotor
Hlade frequency

Dlade frequency ratio p/w
indices

Aoceleration due to gravity
Centrifugal tension in blade
Coefficiont

Blade berd rigidity

Blade shear rigidity

Adroraf't Engineering, November 1958
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SUMMARY OF FREQUENCIES

Values of k* = p*As

0-5
0+456
0.455
0-42),
040i,
0-40
0.375

0335

Node
0 1 2

[
w
o

10 15 21 28

1 2.8 5.4 8.8 13 18 23-8

1 5 38 133
1 2:67 5 8 11.67 16 2
1 5-05 122
1 475 1.07

1 25 &5 7 10 135 17'5

1 o2 92 15-9

l 4 9 16
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Solution (B) "Gensralised elliptionl"mass taper

Blede nass per unit length n = (- xz)n
Centrifugal foroe -%P . b‘ l-z)n
2)n +1

= m(l--z

The generrl differential equation (Ref.)

2
g - -y

g
.. 4 - 2+ i
becomes -2-(54»161{(1 x“) } (l-x y = 0
2 .2
L-x 8y _ & 2 .
or m xax+ky = 0

Writing x for (1 - x) [i.e. transposing orizin to blode tip)

2
- ; 2
-x121‘+§#d +(1-x)g§+lcy=0
The solution in ascending povers of x is

¥ o= 8y 81X 4+ . ...+er'P+. .....

2l @=Ins 2.2y,
Where ap = ;%;-:l-p-; ( ey x°) e 1
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Solutions (4) and (B) me(1-x2)?
Defleotion y=A°+le+12x2+ ...... +l.xp+ ......
(3) A (n =%
Where a = -kzao & = -kaa.o
a, = (1-!c2)-2-%i-',-;-)-;1 e, = -fa(l-k).l
1) “2n. 2
13 = %ﬁ\%i}l‘-k)lz a.3 = % (-g'-ka) l.2
‘u"f:r(l‘;‘lm(x}xl‘lﬁi'k a3 b, = 35510
1 10 2
‘5=§‘&»‘57(%1‘“k % "5"%(8-k)a2F
2
ag =g&?‘zy<%‘-ﬁi-k 8 o =-2%(%§-k2)0.5
1 [6n+2)
u - Ry (BR-D) o o= 5600«
8 -
°‘8=8nn+é l:‘ﬁ"’kz)ﬁ ag = y (21"‘2)‘7
1 (&n436 1,80 .2
% =§’6§:§7(‘5§“’k2)=e 9 7 5 (57X g
1 . 2
%0 = T6(n+10 (%ﬁ"kz)% '10="}0'(33"‘)‘9
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Elliptical Taper (Solution A)
Freguenay Yode
a1 v = 1l-x
2_8 _8 2
X =3 y =1 3%4-%
¥ -5 g = 1-5x4+6x%-20
x° .8 7 = 1= 8x+16-86° - 12:80 + 3ot
K2 v o= 1-%x  H22 .0 504 185
3 3 3 3 3
K2 =16 v = 1-16x+7&2-2:}‘91}+§8-%z"-}-$—'515+%“z6

The above are naturel modes (symmetrical or anti-symmetrical)
for a complete two-bladed rotor. The anti-symmetrical modes
(&2 =1, 5,%5.‘. .) apply also to a single blade hinged at the
axis of rotation (x =1).

For other hinge positions in general we have intermediate
veluss of k°, leading to a non-terminating series:

e.3. k°=1.5

g =1 =1:5x 4 0-225x° 4 0-0375% 4+ 0-01090x™* 4 0-00368x°
+ 0-00152x5 4 0+00063x

This is found o have a hinge (y = 0) at x = 0-770
i.e, 0.23R from the axis.
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Elliptical Taper, case (A)

Vibration amplitude y as a funotion of
frequenay (k) and blade station x
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Solutdon (D) "Gensralised pareholic" mass taper

Blade mase per unit leagth @ = (1 = x)
Centrifugal force Be .f L1 - x)" ax

gl-xzn""" ] - n42
""n+l 'n+g
doorco Kl

The generel differential equation (Ref.)

8 - -

4
ax
becomes -(% {% (1 -x)" %} + kzy (1-x)®

la+enx -nil x° 4 &y 2
or O &Yy = 0

Urdting x for (1 - x) [i.e. transposing origin to blade tip ]

2
L __x_)\¢ -x) & Lo .
x(n+1'n+2>ﬁ+(l x)dx"'ky =0
The solution in ascending powers of x is

Y o= &, +8X 4 eeeans +Apxp+......

P...A:.P..tﬂk)Pl

- i
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Parabolic taper, oase (C)

Blade vibration amplitude y as e
function of frequency (kz) and blade station (x)
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Solution (D) extended

The mass distribution m = (1 - x)* is unsymmetrical
sbout the orizin (x = 0) so that a different blade taper is
represented by the expression with x negative. Convenient
solutions for the vibration modes can be obtained for these 'blade
extensions' also, and these are of practical velus, particulerly
for n«0, since the oorresponding taper curve is hollow and has
a finite tip ordinate.

The length of the extension has to be chosen to make
P = O at the new blade tip, i.s. the ardgin (x = 0) has to be at
the c.g. of the total masa. From the expression forl already
derived, the length of the extension is ssen to be ;—1--

1 +1?
=T at the new blade tip.

l,e. x>~
n

A further tramsposition of the origin to this point is
found desirsble so0 as to give convergences of the series solutlon.
The new differentisl equation is

2
1. _x\a 1 & .2
x<n+1-n+2)a§+<n+1-x>h+ky-0

and the solution in escending powers of x 1is

Y o= o8y +8X 4. oL apxp+......

_psd (p=insp_,2
with o.p -52--( e k)‘p-l
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Case (D), extended (=)

The "modified parabolic" mess distribution (1 - x)
with n renging from O to 1 covers the uniform (n = 0) end
uniformly-tapered blade (n = 1) and as intermediate cases parebolas
of various orders, including the common persbola (n = %),

When n is negative the mess becomes infinite at the
blade tip (x = 1) but the solution remains valid and useful for
negetive values of x, 1i.e. for the blade contimation beyond the
axis. The special value of this result is that the mass
distribution ourve is now concave, tlus more resembling actual
blades, and furtiher it has a finite ordinate at the blade extension

tip.
n+2
=+ (n+1>
s - [=te
- n+l
This is the distance from the axds at which the
centrifugal force vanishes;; in other words the axis of rotation

is at the centroid of the blade plus its extension. The tip

ordinate is <mn +l>n'

The latter is givenby (1 - x)

x

The taper and concavity range is seen from the table,

Mass ourve n=0 % -4 (-1)
et S N
Root oxdinate 1 1 1 (=)
Mid ordinate 1 - 707 <438 (2«)
Tip ordinate 1 577 299 (=)
Aren coefficient 1 +732 4,95 0
Centroid from axis 0:5 <455 . 10 0

The limiting case (n = -1), which requires to be solved
separately, is alsc quoted for comparison.
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Hyperbolic mass distributian (EX)
Blads mass por unit length = < (x from axis)

or (1= x)'l (x from tip)

Tais can be regarded as e special case of the extended
solution (D), with n = =1, but this gives an infinite blade length
A solution for finite blade length (= 1) is however readily
obtained, namely, in ascending powers of distance x Irom the tip.

y = ao +a.11 +oeicnn . +apxp F oesenes
2 2
vhere a = {.‘2.‘..1).2.:..1‘..
P P 1

The fact that the mass grading becomes infinite at the
axis means that the length of blade to which the solution can be
applied has to be cut short of this point.

Regarded as & special case of the extended solution (D)
it is seen that the hypexbolic mass distribution gives the limiting
degrec of hollovmess of the mass curve to which the solution
applies.
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The characteristic berd stiffness and sheaxr stiffness

The various exaot solutions worked out for rotating flexible
blades apply it is found also to noa-rotating blades having the same
mass distribution and a certein characteristio bend stiffneas
distribution related to the mass distribution. Similarly for shear
stiffness.

It is considered sufficient to work out one typical example.

For case (D), mass distribution (1L = x)®  (x from root)

and for the first non-rigid mode, vmhk2=?—(£-{-zﬂ

(appliceble to the blade proper plus its extension beyord the
axis, with both ends free).

The noda, on substitution in the generel series is

)

n+2
The shear force is proporticnal "o

n 1 ndl  2(n+ 3) n+2 n+Ln+ 3
[ e e gy e DY » naglmpphd
By further integration, the bending moment is
1 n+2 2 n+3 n+
h+l)ng+2 “"m+2)2* *tta+ 23~

The curvature being constant, this is also the required bend
stiffness

I - 2%

/ 2
\31.‘:3 ey x) apart from a conatent multiplier.

S4milarly, the shear stiffness zot by dividing the shear force
by the slope g is

GA = xm<m_mx> apart from a constant multiplier.

Analagous remilts are found for all the types of mass
distribution investigated, and these are found to be general and
applicable to all modes.
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Application of results to fixed-root blades

The results for anti-symmetrical vibretion modes (y = 0
at x = 1) of a rotor consisting of two similar bledes (e.g. Cases
4, B) and for the corresponding modes in othur cases, oan be regarded
as applying equally to the anti-symmetric vibration when tha two
blades are rigidly comnected to each other yia o rizid hub, subject
to possible restraining effects on the ud from its mounting on the
verticel driving shaft (i.e. the hub may not be frecly pivoted, as
assumed, at the axis of rotation).

liowever, we are interested also in applying the results,
as far as foasible, to the symmetrical vibrations of such rigid-hub
type rotors, vhen the root condition for the vibration amplitude or
blede deflection is % =0, If the hub itself is sufficiently
rigid, this root condition may be applied at the station vhere the
blede root enters the hub.

Such a condition, in conjunction with y = 0 (uhich will
be true if the blade mess iz small enough in relation to that of the
rest of the helicopter, and the rotor mounting rigid) cannot be met
by any owrve applicable to a perfectly flexible blade, as here
assumed, but an equivalent hinge position, vhere the condition y = O
(nly has to be met, ocan be determined, making use of the faot that
the restraining effect of the hub on the blade bending extends omly
over a limlted distence, which can be eatimated. It is in facot
Y EI/P very nearly, as for a blade of uniform stiffness (EI) and
constent tension (P); this is the distance of the equivalent hinge
(or effective node) from the point where the blade enters the hub.
This 1s the aoctunl distance, to be expressed as a fraction of the
rotor radius R in accordance with the terminology here used.

Rigid mounting of the hub in the vertical direction (y = 0)
hes been assumed but if this condition is not fulfilled the moce
position will be changed accordingly, by an cmount dependent on the
spring constant of the mounting and the mass of the b in relation
to that of the blade. In general the effective node will tend to
move redially outward to some extent, This applies for instance
vhen the mounting is flexibls: anough to leeve the hub subatentially
free
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LIST (P DI.GRIS

Mass Distribution Curves (2 sheets)
Uniform Blade, Oth mode

Uniform Blade, 1lst symm, mode

Uniform Blcde, lst mole

Uniform Blade, 2nd mode

Uniform Blade, 3rd mode

(Linearly) Tapered Blsde, various modes
1st symm. mode, Uniform and Tapered Blade
1st mode, Uniform and Tapered Blade
2nd mode, Uniform and Tapered Blade
Parabolic Blade, 1lst mode

Parabolic Blade, 2nd modse

Ellipticel Blnde, 1st mode

Elliptical Blade, 2nd mode

Various Tapers, 1st mode
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7. LINEARLY TAPERED BLADE, VARIOUS MODES.
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MODE UNIFORM AND TAPERED BLADE.

(sT




it i

AN TARERED |

C

ATy ——
>
: = .
: .
ol AEET
b
—i<
-
f -
’ —

-

R

{PA:FAP@'
. FEDE

F1G.10. | 2% MADEE, |U i 7

n

e,



s At i b sy <o § o e v e e (R ———



5 g s e s i e T (h i R A R WS £
v N . e
pEet e ey : .i» R . -t - tﬁl
RO S S 1 P :
! [ i e
[ T .
t R P i *_ - iM‘ a S VP O P S— m SN DRSNS S S +
. .‘v R T H T L34
b - & +,|~..,4‘ | A NN A NN S SN NS R e
1w —— e b 1Mr v.lm - o : —- B e Bae
t‘—” H T » 1 ”P;‘
- - i i - L = Lo - [ - S SN J— -
T ;! t
L ef i w ro 1/‘/ D e It s It
0 ™ AU S S S S S S O T —
a [ 1 ; ® ad
FU 0 S0 S| s S T N (- O O S A
—
- - N..ll — A_ - A “ - w -t - — - 4 - e ot
PRI &~ . R PR S S SN S RN B 4
i—t e 1 ! -
t
B s SR S - {- — — A e e B —1 N1+ 1+
!

gLoves
E
J

bE
|
Ll
|
-
; 1
ofs e
T
:}‘
N
!
:
)

pAvsgone

T
i
{
'

|
!
I
1 ilt;Ai'g.
|
X
3
L

on.

|
-
A
oL
3
|
i
{

|

1

i

|

I
)
8

\\

|
T
ot
N
9”4
1
G114, |EL
T

T
I
.
I
i
;
|
f
|
|

‘:‘ N e}‘
o
o
o
°
o2
cls

1
.
+o
o7




